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O p t i m u m Thrust P r o g r a m i n g for 

H i g h - A l t i t u d e Rockets 

.4 discussion of the problem of establishing the thrust-lime relation 
which will achieve the optimum compromise between reduction in gravity and drag losses 
and thereby result in minimum fuel expenditure. 
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I N T R O D U C T I O N 

T H E M O S T I M P O R T A N T e x t e r i o r b a l l i s t i c 

b l e m s assoc iated w i t h h i g h - a l t i t u d e r o c k e t r y 
• t h a t of c a r r y i n g a spec i f ied p a y l o a d t o a des i red 

h e i g h t m o s t e c o n o m i c a l l y - - i . e . , w i t h m i n i m u m ex­
p e n d i t u r e of f u e l . T h e t w o m a i n d e t e r r e n t s t o a c h i e v -
».ng a l t i t u d e are t h e forces o f g r a v i t y a n d a e r o d y n a m i c 
drag , b o t h o f w h i c h d i m i n i s h w i t h i n c r e a s i n g a l t i t u d e . 
O n i o r t u n a t e l y , t h e r e q u i r e m e n t s f or r e d u c i n g t h e 
d e t e r r e n t effects o f g r a v i t y a n d d r a g are a n t i t h e t i c a l . 
(Grav i ty losses are p r o p o r t i o n a l t o f l i g h t t i m e whereas 
frag losses are p r o p o r t i o n a l t o some p o w e r o f t h e 
" e l o c i t y . T h u s , d i m i n u t i o n o f g r a v i t y losses requ i res 

shor t flight t i m e i .e . , a h i g h v e l o c i t y - whereas 
reduc t i on of d r a g losses ca l l s f o r l o w v e l o c i t y . One 
^ the p r o b l e m s w h i c h c o n f r o n t s the des igner of a 
M o h a l t i t u d e r o c k e t , t h e n , is t h e e s t a b l i s h m e n t of a n 
o p t i m u m t h r u s t p r o g r a m t h e t h r u s t - t i m e r e l a t i o n 
v ' i ' h w i l l a ch ieve the o p t i m u m c o m p r o m i s e b e t w e e n 
••-•-!-.iction i n g r a v i t y a n d d r a g losses a n d t h e r e b y r e s u l t 

i i n i m u i n fuel e x p e n d i t u r e . 
he A m e r i c a n r o c k e t p ioneer K . I I . G o d d a r d i n h is 

•• r " A M e t h o d of R e a c h i n g K x t r c m e A l t i t u d e s " ' 
- r u s t in c a l l i n g a t t e n t i o n to the p r o b l e m of t h r u s t 

" . { r a m i n g . F o r purposes of m a t h e m a t i c a l a n a l y s i s , 
d'»rd eons ide ie / l an idea l i zed rocket n a m e l y , a 
• ' i r f u l a i cone, pay load at. I he t i p , a n d easing 

. d r o p s a w a y c o n t i n u o u s l y ( w i t h zero v e l o c i t y 
.. re ' .peet to the r e m a i n i n g r o c k e l ) as (he b u r n i n g 

- . ' . ] { ( f e r i - d r s (s«*c I ' i g - 0 - G o d d a r d i n f e r r e d the 
.'.< n< f f i j ',[ s o l u t i o n i<> h i - , p r o b l e m f r o m the f o l l o w i n g 
N t j M ' i i t " I I , at a n y i n t e r m e d i a l.e a l t i t u d e , the 

• i( v of a .eent be v e r y g rea t , t h e a i r i c s i s ta i i ce 
s p e n d i n g o n the square of t h e v e l o c i t y ) w i l l also b e 
< ry j / r e a t . O n the o t h e r h a n d , i f the v e l o c i t y of 

; ' ' n t be v e r y s m a l l , force w i l l be r e q u i r e d t o o v e r c o m e 
K , :»vitv l or a l o n g per i od of t i m e . I l l b o t h cases the 

* i i r . u i . \crf.»lKil)istii-s A n a l y s i s Section, C h i n a L a k e , C a l i f . 

mass necessary t o be expe l l ed w i l l be excessively l a r g e . 
E v i d e n t l y , t h e n , t h e v e l o c i t y of ascent m u s t h a v e a 
spec ia l v a l u e a t each p o i n t i n space . " G o d d a r d w e n t 
o n t o s ta te t h a t t h e d e t e r m i n a t i o n of t h e necessary 
v e l o c i t y - t i m e f u n c t i o n presents a n e w a n d u n s o l v e d 
p r o b l e m i n the c a l c u l u s of v a r i a t i o n s . C o n s e q u e n t l y , 
he a b a n d o n e d a r i g o r o u s a p p r o a c h a n d c o n s t r u c t e d a n 
a p p r o x i m a t e , n u m e r i c a l s o l u t i o n . A l m o s t a decade 
a f t e r t h e p u b l i c a t i o n (1919) of C^oddard's c lass i ca l 
p a p e r , H a m e l , 2 i n a v e r y b r i e f p u b l i c a t i o n , o b j e c t e d 
t o t h e l a c k of r i g o r i n G o d d a r d ' s a n a l y s i s a n d p o i n t e d 
o u t t h e existence o f a s o l u t i o n b y m e a n s of t h e c a l c u l u s 
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of v a r i a t i o n s . M o r e r e c e n t l y , o t h e r w o r k e r s — e . g . , 
T s i e n a n d E v a n s , 3 L a w d e n , 4 a n d L e i t m a n n 5 - 6 — - h a v e 
d e r i v e d necessary c o n d i t i o n s f o r t h e ex i s tence o f 
m i n i m u m i n i t i a l mass o f a r o c k e t r e q u i r e d t o t r a n s ­
p o r t a g i v e n b u r n o u t mass t o speci f ied a l t i t u d e . 

T H E O R Y 

L e t m be t h e mass of t h e r o c k e t a n d 5 t h e a l t i t u d e 
a t t i m e /. A d o t w i l l d e n o t e d i f f e r e n t i a t i o n w i t h 
respect t o t i m e . I t is a s s u m e d t h a t t h e a e r o d y n a m i c 
d r a g D is a f u n c t i o n of s a n d 5 o n l y . T h e e f f ec t ive 
e x h a u s t v e l o c i t y c a n d t h e a c c e l e r a t i o n o f g r a v i t y g 
are t a k e n as c o n s t a n t . ( T a k i n g a c c o u n t o f t h e change 
of g w i t h a l t i t u d e m o d i f i e s t h e f o r m o f t h e s o l u t i o n 
s l i g h t l y . 6 ) C o n d i t i o n s a t t h e o u t s e t o f p o w e r e d flight, 
t = 0, w i l l be d e n o t e d b y s u b s c r i p t z e r o ; c o n d i t i o n s 
a t b u r n o u t , t = h, b y s u b s c r i p t one . S y m b o l s + a n d 
— a t t a c h e d t o t h e s u b s c r i p t s w i l l d e n o t e c o n d i t i o n s 
a t t h e i n s t a n t succeeding / = 0 a n d p r e c e d i n g t = tj, 
r e s p e c t i v e l y . C o o r d i n a t e s(t) is a s sumed c o n t i n u o u s 
over t h e w h o l e t r a j e c t o r y . F u n c t i o n s s(t) a n d m(t) 
are t a k e n c o n t i n u o u s o v e r t h e i n t e r v a l 0 < / < t\. 
T h e d i s c o n t i n u i t y of s a n d m a t t = 0 — i . e . , i m p u l s i v e 
b o o s t i n g a t l a u n c h — i s p e r m i t t e d . ( A s a m a t t e r o f 
f a c t , i t w i l l be s h o w n t h a t i m p u l s i v e b o o s t i n g is a 
r e q u i r e m e n t of t h e s o l u t i o n . ) A t t h e o u t s e t o f p o w e r e d 
flight, / = 0, 5 = s0 = 0, 5 = So = 0, a n d m = m0. 
A f t e r i n i t i a l i m p u l s i v e b o o s t i n g , s = So + = So = 0 

s t i l l , b u t 5 = 5 0 + a n d m A t b u r n o u t , t = t\. 
s = = Su $ = h- = $u a n d m = W i _ = nil ( these 
f u n c t i o n s b e i n g assumed c o n t i n u o u s ) . H o w e v e r , t h e 
a c c e l e r a t i o n s a n d the m a s s - f l o w r a t e m are n o t assumed 
c o n t i n u o u s a t b u r n o u t . T h u s , a t t = § = § i _ 
a n d m = m i — A t t h e o u t s e t o f c o a s t i n g flight, / = ti, 
s — S u a n d m = ?hi — 0. 

T h e e q u a t i o n of r o c k e t m o t i o n f o r v e r t i c a l flight, 
n e g l e c t i n g e a r t h ' s r o t a t i o n a n d t a k i n g a c c o u n t of 
d r a g a n d g r a v i t y forces o n l y , is 

cm + (s + g)m + D(s, s) = 0 (i) 
I n t e g r a t i o n of E q . (1) o v e r t h e i n i t i a l b o o s t p e r i o d 5, 
w h e r e 8 —* 0, is 

mQ = w o + e x p (s0+/c) (2) 

T h e e q u a t i o n o f c o a s t i n g flight is m e r e l y E q . (1) w i t h 
m = 0 (no t h r u s t ) . 

T h e p r o b l e m is t h e n : G i v e n mu c, g, a n d t h e 
f u n c t i o n D(s, s ) , w h a t is t h e f u n c t i o n s(t) i n o r d e r 
t h a t t h e r o c k e t r each s u m m i t a l t i t u d e S w i t h m i n i m u m 
i n i t i a l mass m 0 ? I n t e g r a t i o n o f t h e e q u a t i o n of 
c o a s t i n g flight b e t w e e n 5 = Si a n d s = 5 (s = Sy a n d 
s = 0) y i e l d s a r e l a t i o n betw r een si a n d Si s y m b o l i z e d b y 

(3) 

B y means of t h e c a l c u l u s o f v a r i a t i o n s i t c a n be 
s h o w n t h a t t h e f o l l o w i n g r e l a t i o n s m u s t be sa t i s f i ed 
i n o r d e r t h a t W o be a m i n i m u m . T h r o u g h o u t p o w e r e d 

i>D ( d2D d2D s dD 
e = _ _ Is — + 5 — — + ~ — + 

OS \ OS osos C OS 

2sJ
rodD & + g \ 

1 — 5 - J) = o (4) 

C OS c~ f 

A t b u r n o u t , / = 

s.UbD/ds) + (D/c)]tmtll - mlg + D(su h) ( 5 ) 
T h e p r o b l e m o f d e t e r m i n i n g t h e o p t i m u m s o l u t i o n , 

t h e f u n c t i o n s(t) w h i c h c o r r e s p o n d s t o a s t a t i o n a r y 
v a l u e of W o , is t h e n d e t e r m i n a t e . E q s . (3) a n d (5 ) 
m a y be s o l v e d f o r Si a n d s t . E q . (4) is a s e c o n d -
o r d e r d i f f e r e n t i a l e q u a t i o n i n s(t) f o r w h o s e i n t e g r a t i o n 
Si a n d 5 i c o n s t i t u t e i n i t i a l v a l u e s . U p o n i n t e g r a t i o n 
o f E q . (4) o v e r 0 < / < tu t h e v a l u e s o f h a n d So+ a r e 
o b t a i n e d . E q . (1) c a n t h e n b e i n t e g r a t e d t o g i v e 
mo+—^i.e., 

m0+ = exp 
( - * K 

D f's + gt\ - e x p £ ) d l _|_ 

nti e x p ( 6 ) 

T h e v a l u e o f i n i t i a l r o c k e t mass m 0 is n o w f o u n d f r o m 
E q . ( 2 ) . T h e a c c e l e r a t i o n s c a n b e d e t e r m i n e d f r o m 
E q . ( 4 ) , w h e r e u p o n E q . (1) y i e l d s t h e t h r u s t 

T = —cm — m(s + g) + D ( 7 ) 

I t is easy t o s h o w 6 t h a t E q . (4 ) possesses a first 
i n t e g r a l 

nig + D 
\os c, 

I I e x p I -
i + gt 

0 (8 ) 

E q . (8) leads t o t h e i m m e d i a t e c o n c l u s i o n t h a t £ 
c a n n o t v a n i s h i n t h e i n t e r v a l 0 < t < tj. Since D = 0 
w h e n 5 = 0, b u t mg ?£• 0, i t f o l l o w s t h a t 5 ^ 0 . H e n c e 
£©+ 7^ 0, a n d i m p u l s i v e b o o s t i n g is a l w a y s r e q u i r e d . 

S P E C I A L C A S E 

I t is c u s t o m a r y t o express t h e a e r o d y n a m i c d r a g 
force i n t h e f o r m 

D = (l/2)paCDs2 (9 ) 

w h e r e 

p = a i r d e n s i t y 
a = re ference area 
CD = d r a g coe f f i c i ent 

T h e a i r d e n s i t y p is e s s e n t i a l l y a f u n c t i o n o f a l t i t u d e 5. 
T h e d r a g coe f f i c i ent CD is a f u n c t i o n o f M a c h a n d 
R e y n o l d s N u m b e r s a n d is t h e r e f o r e a f u n c t i o n o f b o t h 
a l t i t u d e a n d v e l o c i t y . A s i m p l e , i d e a l i z e d e x p r e s s i o n 
f o r d r a g r e s u l t s w h e n CD is t a k e n as c o n s t a n t . A f a i r 
a p p r o x i m a t i o n t o p is a n e x p o n e n t i a l i n s. W i t h these 
a s s u m p t i o n s 

D = P F e x p {-as)'s2 ( 1 0 ) 



W = (i/2)aPoCD 

p 0 = sea- level a i r d e n s i t y 
a = c o n s t a n t 

I f the express ion f o r d r a g g i v e n b y E q . (1) is used, 
Eq . (4) becomes 

s V[V2 + ( 1 - fi)V-2$] 

g 0[V2 + 4 F + 2] 

where V = s/c} 0 = g 1 ac2 

E q . (11) m a y be i n t e g r a t e d f o r s(V) a n d t{V)—i.e., 

j8) - _ y 

h + 7 

(11) 

- V 
- r r 7 . 2V+ (1 
T o + + T l n ? F T ( i " 

X 

2 T V + ( 1 - 0 ) + 7 
2 F 0 + + ( 1 - 0 ) 

3 + 0 , I / 2 + ( 1 - « K 
I n - -

' + 
7 

20 

I o + 2 + ( l ~ 0 ) I n + - ^ 

0) ~ 7 

(12) 

0 . I-o+ , 7 , 2 F + ( 1 

7 - i n — + y i n - — [ r ^ r r - T x 
2 V o + + ( 1 - 0 ) + 7 

1 + 
I n 

2 K . + + ( 1 - 0 ) - 7 

v2 + ( i - « r - 20 

+ 

(13) 

where 7 = V ( l - 0 ) 2 + 80 

vSubstitution o f E q s . (12) a n d (13) i n t h e i n t e g r a t e d 
form of E q . (1) r esu l t s i n 

exp I — V 
c A W i g 

X 

e x p ( F 0 + ) [Vo+- + ( 1 - 0 ) F O + - 2 0 ] X 

I * + 2 V, + 2 

U ' " ' + ( ] - 0)V- 2/3 + K,* + ( 1 - fi) Vt - 2/3. 

e x p (Vt + ^ ) | (14) 

' he t l i r u s t is t h e n g i v e n b y 

= V2 e x p ( — as) H 

W i g w ^ tHi 

' ' c l - >; takes t h e f o r m 

i / W c a \ 
20 exp 20 x i X 

K ) (15) 

f " e x p ( - 2 0 — x ) - (16) 
J xi \ niig J x 

vj = exp ( — asi), Xo = exp ( — aS) 

1 , H ' i n t e g r a l of E q . (16) m a y be e v a l u a t e d b y means 
( , f t a b u l a t e d i n t e g r a l 7 

Ei(-y) 
exp ( - s ) 

F I G . 2 (Top). Rate of mass flow as a function of time. 
F I G . 3 (Center). Nondimensional velocity as a function of t ime. 
F I G . 4 (Bottom). Acceleration as a function of time. 
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F I G . 5. Realistic thrust program. 
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1 : 
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-fCf^/o*2, s e c - ' 

F I G . 6. Summit altitude as a function of mass-flow rate-
constant thrust. 

o r f r o m t h e series s o l u t i o n 

/
dx 

exp ( - k v ) ~ I n Lx 
bx (bx)2 

2 - 2 ! 

F i n a l l y , E q . (5) becomes 

{Wct/myg) I V 2 ( 1 + F i ) = exp (17) 

T h e s o l u t i o n proceeds as f o l l o w s : (a) S o l v e E q s . 
(16) a n d (17) f o r Si a n d V%\ (b ) s u b s t i t u t e s i a n d \\ 
f o r 5 a n d V, r e s p e c t i v e l y , i n E q . (12) a n d so lve f o r 
F 0 + ; (c) u s i n g t h i s v a l u e o f F 0 + a n d s e t t i n g V = V\ 

i n E q . (13) y i e l d h; ( d ) E q . (14) t h e n g ives m ( F ) , 
a n d E q . (15) w i t h E q . (11) is used t o find T( V). Since 
t(V) is k n o w n , m a n d T c a n be expressed as f u n c t i o n s 
o f t i m e / . 

N U M E R I C A L E X A M P L E 

C o n s i d e r a r o c k e t o f t h e f o l l o w i n g c h a r a c t e r i s t i c s : 

W/mi = 1 0 ~ 5 f t . , c = 5,500 f t . / s e c . 

r e q u i r e d t o r e a c h a s u m m i t a l t i t u d e 

5 = 02.6 m i l e s = 488 ,950 f t . 

w i t h m i n i m u m f u e l e x p e n d i t u r e . A l s o 

a = 22 ,000 f t . " 1 , g « 32.2 f t . / s e c . 2 

A p p l y i n g t h e e q u a t i o n s of t h e p r e c e d i n g sec t ion 
resu l t s i n 

5! = 62,576 f t . , 
/ x = 18.7 sec , 
Mo+/m\ = 2.10, 

.v, = 5,3()S f t . / s e c . 
5 ( ) 4 - = 2,199 f t . / s e c . 
nh/nii = 3.14 

T h e n o r m a l i z e d mass - f l ow r a t e . 1 / = m/nii, v e l o c i t y 
F = s/c, a n d acce l e ra t i on s/g are s h o w n as f u n c t i o n s 
o f t i m e i n F i g s . 2 - 4 . T h e i d e a l i z e d t h r u s t p r o g r a m 
r e q u i r e s t h e a t t a i n m e n t of a n i n i t i a l v e l o c i t y o f 2,199 
f t . / s e c . b y means of a n i m p u l s i v e boos t . I n p r a c t i c e , 
t h e i n i t i a l i m p u l s i v e b o o s t can be a p p r o x i m a t e d b y 

a s h o r t phase of h i g h t h r u s t . T h e r e a f t e r , the i d e a l 
t h r u s t p r o g r a m m a y be f o l l o w e d . T o i n v e s t i g a t e t h e 
ef fect o n s u m m i t a l t i t u d e of r e p l a c i n g t h e i d e a l , i m ­
p u l s i v e boos t b y a r e a l i s t i c , h i g h - t h r u s t phase , c o n s i d e r 
t h e a p p l i c a t i o n o f a c o n s t a n t , h i g h t h r u s t of d u r a t i o n 
1.2 sec. d u r i n g w h i c h the same a m o u n t o f fue l , W o — 
w 0 f , is c o n s u m e d as i n t h e i d e a l b o o s t . T h e r e a f t e r , 
b u r n i n g proceeds a c c o r d i n g t o p r o g r a m . A c c o u n t 
is a lso t a k e n of t h e f i n i t e t i m e t o b u i l d u p a n d d r o p 
t h e t h r u s t , w i t h 0 .1 sec. as t h e r i s e - a n d f a l l - t i m e s . 
T h e mass - f l ow r a t e f o r t h e h i g h - t h r u s t phase is q u i t e 
a t t a i n a b l e . F o r e x a m p l e , i f t h e r o c k e t u n d e r c o n ­
s i d e r a t i o n has a b u r n o u t mass , mlt o f 10 slugs, t h e 
b o o s t e r t h r u s t is 51 ,700 lbs . F i g . 5 i l l u s t r a t e s t h i s 
r e a l i s t i c t h r u s t p r o g r a m . F o r c o m p a r i s o n , c o n s i d e r 
also t h e ef fect o n s u m m i t a l t i t u d e o f k e e p i n g t h e 
t h r u s t c o n s t a n t t h r o u g h o u t b u r n i n g (see F i g . 6 ) . 
I n t e g r a t i o n o f t h e e q u a t i o n s o f m o t i o n was c a r r i e d 
o u t o n a n I B M 7 0 1 d i g i t a l c o m p u t e r . T h e f o l l o w i n g 
s u m m i t a l t i t u d e s r e s u l t e d : 

T h r u s t 
I d e a l p r o g r a m 
R e a l i s t i c p r o g r a m 
B e s t c o n s t a n t t h r u s t 

S u m m i t A l t i t u d e 
4 8 8 , 9 5 0 f t . 
4 7 1 , 6 8 0 f t . 
4 4 0 , 5 0 0 f t . 

T h u s t h e r e is a loss o f a b o u t 3.5 p e r c e n t i n s u m m i t 
a l t i t u d e i n g o i n g f r o m i d e a l t o r e a l i s t i c t h r u s t p r o g r a m . 
A f u r t h e r decrease o f a b o u t 6.6 p e r c e n t i n s u m m i t 
a l t i t u d e is e x p e r i e n c e d w h e n t h r u s t is h e l d c o n s t a n t 
a t i t s bes t v a l u e . 

C O N C L U S I O N 

I t seems r e a s o n a b l e t o c o n c l u d e t h a t t h e i d e a l t h r u s t 
p r o g r a m c a n b e a p p r o x i m a t e d b y a r e a l i s t i c o n e — 
one w i t h a h i g h - t h r u s t phase i n p lace o f i m p u l s i v e 
b o o s t — w i t h o u t g r e a t l y a f f e c t i n g s u m m i t a l t i t u d e . 
W h e t h e r o r n o t t h e a d d e d c o m p l e x i t y o f c o n t r o l l i n g 
t h e t h r u s t is w o r t h t h e g a i n o v e r b e s t c o n s t a n t t h r u s t 
is a p r o b l e m w h i c h c a n o n l y b e a n s w e r e d i n p a r t i c u l a r 
cases. 
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